Chapter 18

A Nonlinear Aeroelastic Model for the Study
of Flapping Wing Flight

Rambod F. Larijani* and James D. DeLaurier!
University of Toronto, Downsview, Ontario, Canada

Nomenclature
A = element cross-sectional area
AR = aspect ratio
a = mass-proportional damping constant
b = stiffness-proportional damping constant
Cyq = drag coefficient
Cyr = skin-friction drag coefficient
Cmac = airfoil moment coefficient about its acrodynamic center
C, = normal force coefficient
c = wing segment chord length
D, = drag due to camber

Dy = friction drag

E = medulus of elasticity

F, = total chordwise force

F'(k), G'(k) = terms for modified Theodorsen function

G = shear modulus of elasticity

g,A = acceleration due to gravity

h = total plunging displacement

h = elastic component of plunging displacement
hg = 1mposed displacement

I = moment of inertia

J = polar moment of inertia

k = reduced frequency based on l¢

L = total lift -

M = total twisting moment acting on a wing segment
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= distributed moment per unit length,

mass per unit length

total normal force acting on a wing segment
distributed normal force per unit length
clement boundary conditions for torsion
contact pressure

element boundary conditions for bending
total thrust

leading edge suction force

freestream velocity

relative velocity at %—chord location

relative velocity tangential to a wing segment
relative velocity of upper vs lower surface of the wing

= distance from flapping axis to middle of segment
= distance from the leading edge

relative angle of attack at %-chord point due to wing segment
motion

the flow’s relative angle of attack at %—chord point

wing segment’s angle of zero-lift line

= segment stall angle

magnitude of flapping dihedral angle
length of an element

nonflapping plunging displacement
nonflapping elastic twist

leading-edge suction efficiency

total segment twist angle with respect to U
elastic twist angle

angle of flapping axis with respect to U
built-in pretwist

atmospheric density

= decay constant

transverse twist angle (along local y axis)

= flapping frequency

= apparent mass

T T T

acrodynamic center
aerodynamic

average

circulatory

crosstlow

center section

contact

damping

shear rate dependent damping
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A

ea = elastic axis
ef = effective

F = friction

s = fabric and rib
inertia = inertial

rs = rigid section
% = spar

sep = separated flow
st = super rib

st = stafic

te = trailing edge
Superscripts

- = mean value
n,n+1 = time level

time derivative

I. Introduction

I N SEPTEMBER 1991 an engine-powered remotely piloted ornithopter flew
successfully for 2 min 46 s. This quarter-scale proof-of-concept model (Fig. 1)
is described in Ref. 1. A second ornithopter model was built for the Canada Pavilion
at Expo 1992 in Seville, Spain. This aircraft, appropriately named “Expothopter,”
was similar to the quarter-scale model in that it was completely flightworthy, but
owing to the success of the quarter-scale model it was not necessary to fly the
Expothopter.

Using the knowledge gained during the construction and testing of the quarter-
scale model and Expothopter, a full-scale engine-powered human-carrying
ornithopter (Fig. 2} was designed and built at the University of Toronto’s Institute
for Acrospace Studies. Details of the design, construction, and initial testing are
described in Ref. 2. Results from the initial static-flapping (no forward speed) tests
as well as some of the low-speed taxi tests are presented by Mehler.® The 1997
and 1998 taxi tests and the main bulk of the experimental data are discussed in
detail by Fenton.*

An S1020 airfoil used in the quarter-scale model’s wing was designed by Profes-
sor Michael Selig of the University of Illinois. This thick airfoil provides very high
leading-edge suction efficiency as well as considerable structural depth. The full-
scale ornithopter’s wing also incorporates the S1020 airfoil. The inner portion of
the wing uses this airfoil up to the “knuckle” (Fig. 4), and the outer tapered portion
linearly transforms the S1020 to a Selig and Donovan SD8020 symmetrical airfoil
at the tip. Figure 3 shows the airfoil shapes along the span of the full-scale or-
nithopter’s wing. A rigid section, which is also known as the “SuperBox” (Fig. 4),
i3 a closed structure made up of thin composite panels, internal ribs, a D-nose spar,
and a rear shear web. Its function is to support the wing and transfer the loads to the
outrigger struts. The outer rib of the SuperBox is referred to as the “SuperRib.” The
rest of the wing consists of 20 full-length ribs, made with a foam core and capped
with basswood strips. The wing is covered with lightweight polyester fabric.
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Fig. 1 Drawing of quarter-scale model ornithopter.

The center section is made up of composite panels, fore and aft shear webs,
and nine internal ribs. The aerodynamic shape is created with a hollow blue-foam
D-nose and nine half-length ribs. The cross section of the full-scale ornithopter
wing spar (Fig. 5) is similar to that for the quarter-scale model. It is comprised
of a carbon-fiber reinforced shear web for bending stiffness and strength, and
a Kevlar® D-nose shell over a foam core for a structure of specified torsional
compliance.’

A special feature of this wing’s structure is that it is able to provide the required
torsional compliance while at the same time incorporating the efficient and thick
$1020 airfoil. Figure 6 shows how this is accomplished, where the closed torsion
box normally formed by the thick airfoil is opened by splitting the trailing edge.
This feature, patented as the “Shearflex Principle,” allows a double-surface wing
to have the high torsional compliance of two single-surface wings joined at the
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Fig.2 Drawing of full-scale ornithopter.

leading edge. Therefore the ornithopter wing is able to twist freely even though its
lightweight covering does not stretch. In fact, shearflexing would work well even
if the skin were thick and relatively inflexible.

Analytical work done for the initial stages of the ornithopter project was based
on a program called “Fullwing,” which was developed to predict the performance
of a flapping wing in steady flight.® Fullwing has gone through several revisions
and 1t was most recently modified by the first author to improve its accuracy.
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Fig. 3 Airfoils along the span.
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Fig. 4 'Top view of ornithopter wing.

Plywood
Shear Web

|

Foam Core

Kevlar

. Kevlar
Covering

- Layer

Um-Carbon
Spars

T

==

Fig. 5 Wing spar cross section.
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Fig. 6 Shearflexing principle.
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The most significant assumption made in Fullwing is that of fully attached
flow to linearize the equations. This gives inaccurate results as stalling domi-
nates in the low forward-speed, high flapping-frequency regime, which became
apparent during the static tests in 1996. It was noted that the phase angle be-
tween pitching and plunging was nowhere near the design value of approximately
—90 deg. A “full-stall” formulation should give a more accurate representation
of the problem. A second assumption is that the response has a simple harmonic
motion. Although this is a reasonable description of the actual response, the pres-
ence of nonharmonic motion cannot be predicted. Also, its use of structural in-
fluence coefficients instead of a stiffness formulation has the disadvantage that
for every new geometry the coefficients have to be rederived. An algorithm that
uses transformation matrices can handle various geometric configurations more
easily.

II. Structural Analysis

This section presents the linear ordinary differential equations governing the
flapping motion of a wing and describes the matrices and vectors associated with
them. The two principal modes of motion for a flapping wing are bending and
torsion. A finite element discretization breaks the wing into spar elements with
bending and torsional degrees of freedom and fabric and rib elements that have
torsional degrees of freedom only (Fig. 7). For bending, the computational do-
main is divided into a set of clements, with each having two nodes (Fig. 8). A
single element is then isolated and the Galerkin method” is applied, using a set of
Hermite cubic interpolation functions, to derive the finite element formulation of
the problem.

For torsion, the domain is also divided into a set of elements, with each element
having two nodes as shown in Fig. 9. The Galerkin method is applied using a set
of linear interpolation functions.
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Fig. 7 Finite element discretization of ornithopter wing.
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Fig. 8 Bending element.

The system dynamic equilibrium equations, including damping and neglecting
external reactions, which are accounted for by boundary conditions, are

[K]{y} + [DI{¥} + [M}{y} = {F} (1

The stiffness matrix for an element having both bending and torsional degrees
of freedom is given by

12E1 0 —6ET —12E] 0 —6FE]
Ax3 Ax? Ax? Ax?
GJ ~GJ
0 - 0 0 e 0
—6E[ 0 4E [ 6E[! 0 2ET
Ax? Ax Ax? Ax
[K] = 12E1 6ET 12E (2)
— 0 I 0 6F{
Ax? Ax? Ax? Ax?
—-GJ GJ
0 . 0 0 T 0
—6ET 0 2ET 6Ff 0 4EF
Ax? Ax Ax? Ax

where EI is the bending stiffness parameter, GJ is the corresponding torsional
stiffness parameter for an element, and Ax is the length of a particular element. The
overall consistent mass matrix for an element with total mass per unit length 7 is

m(x t)

ff” N
x\ g

AX

Z +

Fig. 9 Torsional element,



FLAPPING WING MODEL 407

given by
[ 156 0 —2& 54 0 13Av ]
420 420 420 420
S S
0 3A 0 0 6A 0
—22Ax 0 4Ax° —13Ax 0 —3Ax7
== 420 420 420 420
[M] = mAx 54 0 =13ax 156 0 24x (3)
20 420 120 420
L I
0 £ 0 0 o 0
13Ax 0 —3Ax’ 22Ax 0 NS
420 420 470 420

Assuming that the normal force and moment are constant over an element [i.e.,
n(x, t) = n(r) and m(x, 1) = m(t)] the force vector and the vector of independent
variables are given by

_ N [+
2 hy
M ~
5 01
N()Ax w
1
Fr={ 5o (- =11 4)
—73 2
M) ]
2 )
N(OHAX
o | WzJ

where N(t) = n(t) x Ax and M(r) = m(t) x Ax. The aerodynamic forces and
moments associated with a flapping wing in steady flight are nonlinear functions
of the twisting and plunging deflections of the wing and their first and second
derivatives. Equation (1) is a second-order nonlinear equation that is solved by
using a Taylor series expansion to approximate the nonlinear components of the
force vector. Several time-marching methods were considered and the nonlinear
Newmark method was chosen because of its stability and ease of use. The nonlinear
Newmark method is described in detail in Ref. 8. In the present study, since
a temporal approximation has been used to obtain a set of linear second-order
equations, an iteration must be performed at each time step to ensure that the
equilibrium equations are satisfied. This iteration procedure is outlined by Owen.”
The performance of the Newmark algorithm has been studied extensively and it is
known to be unconditionally stable.!”

III. Aerodynamic and Inertial Forces and Moments

The unsteady aerodynamic model for the study of a flapping wing is based
on a modified strip theory approach. Vortex wake effects are accounted for as
well as partial leading-edge suction and poststall behavior along with sectional
mean angle of attack, camber, and friction drag. This model is then used for the
calculation of average lift and thrust, power required, and propulsive efficiency
of a flapping wing in equilibrium flight. A detailed treatment of this is given in
Refs. 11 and 12.
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Fig. 10 Wing section aerodynamic forces and motion variables.

The starting point for the aerodynamic analysis is to determine the normal force
N and moment M in Eq. (4) acting on a wing segment. For any element, M and
N consist of aerodynamic and inertial terms:

N = Naero + Ninertia (5)
M = Maero + Minertia + Mdarnp (6)

A. Aerodynamic Forces and Moments

The aerodynamic forces and moments are introduced in this section and the
damping moment is treated separately in the next section along with the spar’s
structural damping. Figure 10 shows the aerodynamic forces on a representative
segment (clement) of the wing. Aerodynamic loads depend on whether the flow
over a segment is attached or stalled.

1. Anached Flow
In the attached-flow regime the aerodynamic normal force is given by
Naero = Nc+Na (7)

where N, is the circulatory normal force and N, is the apparent-mass normal force.
The circulatory normal force on the wing segment is given by

N, = 3pUV CpcAx (8)

where U is freestream air speed, ¢ is the chord length of a Iparticular segment, and
Ax is the segment’s length. V is the flow velocity at the 1-chord location. Using
small-angle assumptions, the normal force coefficient is shown to be!!

Cp = 2rt{a’ + ag + 0, + Byasn) &)

where ay is the zero-lift angle, 8, is the flapping axis angle of attack, and fy.sh
1s the built-in pretwist of the wmg ¢’ is the flow’s relative angle of attack at the
——chord point and is given by!!

AR - Gk 2 Q_a Q_Was
2+ AR 2U  k 2+ AR

(10)
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Equation (10) 1s predicated on simple harmonic motion for «. In this case the
motion can be periodic but not necessarily simple harmonic. Therefore, the use
of this equation is considered to be an approximation to the unsteady shed wake
effects. Each chordwise strip on the wing i1s assumed to act as if it were part of an
elliptical planform wing executing simple harmonic whole-wing motion identical
to that of the strip’s. AR is the wing’s aspect ratio and & is the reduced frequency,
which 1s given by

_Ca)
22U

Using a simplified formulation of the modified Theodorsen function, which was
originally presented by Jones,'* F'(k) and G'(k) are given by'!

k (1)

Cik? C,Cak
Fly=1- s, GU)=-—2
k? + C k? 4+ C; (12)
0.5AR 0.772
e Co = 0181 + ——=
L= 2321 AR 2 T AR
The equations for o and & are (from Ref. 11)
& = [ cos (B + Bwash) + (0.75¢ — ve)8]/U + 6 (13)
& = [(ho 4 B) €08 (B + Oyagn) — h sin (@ + Gyagn) + (0.75¢ — y,)01/U + 6
(14)

The Fullwing code uses a linear version of the above expression for ¢ by simply
1gnoring the second term in the numerator. The nonlinear Newmark code includes
the complete expression.

It is appropriate at this point to introduce the total twist angle 6 of a segment
about its elastic axis, which 1s a combination of elastic and constant parts:

Similarly, the total plunging displacement is a combination of an imposed motion
ho and an elastic component A:

h=ho+h (16)
The imposed motion for a given wing segment is defined as
ho = Do x cos(wt) (17)

where I'g is the maximum flapping amplitude (which for the full-scale ornithopter
is about 31 deg) and x is the distance from the center of a wing segment to the
flapping axis. Returning to Eq. (8), we note that the flow velocity V must include
the downwash as well as the wing’s motion relative to the freestream velocity U.
This is done by including o’ along with the kinematic parameters:

V= \/[U cosf — h sin (é g gwash)]z + [Ula’ + ga + éwash) — (0.5¢ — Vea) 5]2
{1R3
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An additional normal-force contribution comes from the apparent-mass effect,
which acts at the midchord location (Fig. 10) and is given by

Na:ipncz(Uc‘zﬁ%cg)Ax (19)

A section’s circulation distribution generates forces in the chordwise direction as
shown in Fig. (10). From DeLaurier,'* the chordwise force due to camber is given
by

- . uv
D, = —2rag(a’ + G, + awash)pTch (20)
The leading-edge suction force is obtained from Garrick! as

- . cé 2oUV
Ti= 77527[ (Cﬂf + .05 + Owass — _) p2

iU cAx (21)

The only change to Garrick’s formulation is the addition of the 5, term, which is
referred to as the leading-edge suction efficiency factor and is determined exper-
imentally. This efficiency factor is required since Garrick’s formulation is based
on ideal potential flow.

Viscous drag on the airfoil due to skin friction is found by using the skin-friction
drag coefficient C4 for which an expression may be found in Hoerner.'® Reference
11 presents this drag as

pV?
Dy = cdf—f) cAXx (22)

where V, is the relative flow speed tangent to the section, which can be approxi-
mated by
V, = Ucost — hsin(@ + Ogan) (23)
Therefore the total chordwise force is
by =1 —-D. - Dy (24)
2. Stalled Flow

When the attached-flow range is exceeded, totally separated flow is assumed to
abruptly occur, for which the contribution of chordwise forces is negligible:

T, =D.=D; =0 (25)
and the normal force is given by
N = (Nc)scp + (Na)sep (26)

(N )sep acts at the midchord point and is due to crossflow drag and is assumed to
be

VV,
(Nodsep = ccd)(f’oTch 27)
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where

V= Vi+V (28)

Vi, 1s the midchord normal velocity component due to the wing’s motion given by
Vi = hcos(@ 4 Gyan) + 26 + Usind (29)

and V, is given by Eq. (23). It is evident from Eq. (28) that V is a nonlinear
function of the independent variables # and /. This shows that both the stalled and
attached-flow aerodynamic formulations are indeed nonlinear.

Experiments conducted at the Institute for Aerospace Studies showed the value
of the separated-flow apparent-mass normal force to be about half of that for
attached flow. (N )yp is therefore assumed to be half of the value given by Eq. (19):

N)—M—] ya—Led)a 30
(as,ep—z——gr‘on‘L o 4C X (30)

3. Aerodynamic Moments

The attached-flow aerodynamic moment about the elastic axis is a function of
the circulatory and apparent-mass normal forces and is given by

1 1
Moyero = My —No(0.25¢— y,0) — N, (0.5¢ — yoq ) — —6pJTC UAxQ—I—ZSpJTc Ax0
(31)

N and N, are given by Eqgs. (8) and (19) respectively. The fourth and fifth
terms in Eq. (31) account for the apparent camber and apparent inertia moments
respectively.!! The moment about the aerodynamic center is given by!’

v
Mo = Cae 2t ——ctAx (32)

The chordwise forces do not contribute to these moments as they essentially pass
through the elastic axis of a wing segment.
The stalled aerodynamic moment is given by

(Maero)sep = '“"[(Nc)sep + (Na)sep](o-SC — Yea) (33)

where (N, )sep and (N, )sep are given by Egs. (27) and (30) respectively. The mo-
ments about the aerodynamic center due to apparent camber and apparent inertia
effects are negligible because these quantities are defined for attached flow only.

4, Stall Criterion

Prouty'® has shown that a pitching airfoil can retain attached flow at angles
greatly exceeding the airfoil’s static stall angle. An advantage of a strip-theory
model is that it altows for an approximation to the localized stall behavior. Prouty
uses a dynamic stall-delay effect, represented by an angle A, to account for the
difference between the static and effective stall angles:

C o

U (34)

(asta]l)ef — (san)se = A = §
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Fig. 11 Inertial loads and moments on a wing segment.

where £ is found experimentally and depends on the local Mach number. In this
case it was determined that A« is given by

o C Omag
Aa = 0.51
o ( . ) U (35)

Umag

where dnae = abs(d). The magnitude of ¢ is used to ensure that the term under
the square root is positive and the term in the brackets ensures that the correct sign
is used. Therefore, the criterion for attached flow over a wing segment is

§ . @ o 3/ cl
(Cstail Jmin = |:Q! + 85 @ wastc — Z (U):| < (Hgtall Jmax (36)

B. Inertial Forces and Moments

Figure 11 shows the inertial forces and moments acting on a wing segment. The
Fullwing code treats the masses as inertial loads but the Newmark code breaks
down the inertial loads into reactions that involve the elastic components and
external forces that are a result of the imposed motion and gravity. The inertial
reactions have already been considered by the consistent mass matrix formulation,
and the external inertial normal force is given by'”

Ninertia = (mspar + mfr)(gr - h()) (37)
Further, the external inertial moment is given by'®
Minertia = {(ys - yea)mspar + (05C - yea)mﬁ-](gr - hO) (38)

where g, 1s acceleration due to gravity.

C. Temporal Approximation for Nonlinear Terms

The most straightforward solution procedure is to use a nonlinear time-marching
algorithm such as the fourth-order Runge—Kutta method. This would avoid the
requirement of finding a temporal approximation to the nonlinear terms. An attempt
was made to use this method to solve the dynamic equilibrium equations. However,






